We investigate the statistical mechanics of a torsionally constrained polymer. The polymer is modelled as an inextensible chain with bend rigidity A, twist rigidity C, and twiststretch coupling D. In such a model, thermal bend uctuations couple geometrically to an applied torque through the relation Lk = Tw + Wr. We explore this coupling and nd excellent agreement between the predictions of our model and the single -DNA molecule stretching experiments of Strick et al. Science 271 (1996) 1835]. This analysis a ords an experimental determination of the microscopic twist rigidity C. Quantitative agreement between theory and experiment is obtained using C = 120 nm and D = 50 nm. The theory further predicts a thermal reduction of the e ective twist rigidity induced by bend uctuations.
INTRODUCTION
In this paper, we investigate the statistical mechanics of polymer chains with torsional rigidity. We model the polymer as an elastic rod subject to thermodynamic uctuations. Each conformation of the chain is statistically weighted according to the energy associated with bending and twisting. This is in contrast to an ordinary polymer which is penalized only by the cost incurred by bending its backbone. Traditionally, the energy associated with the torsional rigidity is either neglected or is taken to be an uncoupled Gaussian degree of freedom that can simply be integrated away. However, when a twist-storing polymer is torsionally constrained, the twist cannot be eliminated in this way, as there will be a coupling between the twist and bend degrees of freedom.
The origin of this coupling lies in White's theorem: Lk = Tw + Wr 1]. This formula relates a global topological invariant of any pair of closed curves (the linking number, Lk), to the sum of a local torsional eld (the twist, Tw) and a global con gurational integral (the writhe, Wr). If the linking number is xed, the polymer will be forced to distribute the invariant Lk between the degrees of freedom associated with Tw and Wr. From a statistical mechanics point of view, the set of complexions available to the system is then restricted.
Perhaps the most important examples of twist-storing polymers are biopolymers, especially DNA. Recent experiments by Strick et al. have succeeded in probing the coupling between DNA's resistance to twisting and the conformations of its backbone 2]. In this paper, we understand these results in terms of a theory of twist-storing polymers. Our nal formul given in (12) and (13) below quantitatively t the experimental data (see gure 1).
In addition, our theory predicts a modi cation of the twist rigidity C of a polymer in the presence of conformational uctuations. We give the form of a new e ective twist rigidity C e which is somewhat less than the microscopic rigidity C. This e ect has a simple explanation: part of the twist imposed on a solid rod can be moved into the bend deformations of the backbone through the coupling associated with the Lk constraint.
It may at rst seem that all the relevant physics could be found in the classical works of the nineteenth century 3], but actually classical beam theory is qualitatively at odds with were also used in the t (not shown), for a total of 49 points. The lines are our theoretical predictions after tting to A; C, and D (see equations (12) and (13)).
the experimental data of gure 1: it says that a rod under tension will simply twist in response to an applied torque as long as is small enough. Only when the torque exceeds a critical value will the rod buckle into a helical con guration, thus shortening the end-to-end extension. Unlike its macroscopic counterpart, however, a microscopic rod is continuously bu eted by thermal uctuations. Because the rod is never straight, its average shape will respond as soon as any torsional stress is applied.
PHYSICAL MODEL
Throughout this paper we will model DNA as a uctuating elastic rod of uniform circular cross-section and xed contour length L. This idealization neglects DNA's chiral nature: in particular, the length scale associated with the helical pitch of the molecule (2 =! 0 = 3:6 nm)
does not enter as a parameter. The concept of fractional overtwist ( = (Lk ? Lk 0 )=Lk 0 ) is therefore meaningless: all that matters is the amount of excess link per unit length. Nevertheless, we retain the notation of overtwist to provide a connection to the published experimental data by de ning = 2 Lk=L! 0 . The slight asymmetry visible in the gure is a chiral e ect associated with the intrinsic stretching of the rod, which we will incorporate in (13) at the end of our calculation. The main physics observed in gure 1 can, however, be understood in terms of a simple achiral model. 
In this expression the i 's are angular frequencies associated with rotations about the bodyxed axes fm(s);n(s);t(s)g of the polymer:t denotes the tangent to the backbone whilem andn complete the orthonormal triad (our notation mainly follows 5]). A and C are the bend and twist persistence lengths which are given by the respective elastic constant divided by k B T. The bend persistence length A is a well-known parameter that has been measured in a number of experiments. Among other things, this parameter is known to depend on the salt concentration of the surrounding uid. For the concentrations relevant to Strick et al.'s experiment, A is approximately 47 nm 6]. The value of the twist persistence length C is not as well determined. Cyclization and uorescence depolarization experiments have provided measurements of this parameter 7, 8, 9] , but these determinations are somewhat indirect and the results have been di cult to reconcile with each other. It is one of the main goals of the present paper to interpret the single DNA molecule data in gure 1 in terms of a theory we call \torsional directed walks", thereby permitting a clean measurement of C.
The polymer is subject to a tension f and a torsional constraint. It will prove simplest to impose the torsional constraint through an applied torque rather than directly through a xed linking number. The two stresses on the polymer require the introduction of two more terms in the polymer's energy functional:
E tension k B T = ?f z; and E torsion k B T = ?2 ~ Lk:
Here z is the end-to-end extension of the polymer. The tension and torque have been expressed in terms of the thermal energy:f = f=k B T and~ = =k B T.
We can now combine the terms to get the full energy functional for our model of DNA:
This model contains no chiral terms. We therefore expect it to produce an extension curve that is symmetric for over-and undertwisting.
As noted in the introduction, we expect that thermal uctuations will have an important e ect on the rod's torsional degree of freedom. A straight elastic rod will sustain a nite amount of torsion without buckling. By breaking the axial symmetry, uctuations allow a polymer to respond immediately to an applied torque. Those with the same helical sense as the applied stress will be pushed closer to instability, while those of the opposite helical sense will be suppressed. The end result is a coupling between the applied torsion and the end-to-end extension of the rod proportional to 2 . All terms linear in must drop out since the model does not break inversion symmetry. Only later will we consider the e ects of molecular chirality by including a twist-stretch coupling term D 10, 11] .
Another way that chirality enters a physical model of DNA is through the coupling of an anisotropic bending term to the helical structure of DNA. This e ect is studied in 12] and is found to be unimportant for the experiments in question. We conclude that our treatment of DNA as an achiral rod of elastic material is su cient to understand how its extension behaves under an applied tension and torque.
CALCULATION
We wish to compute the average extension hzi and overtwisting h i for a torsional polymer subject to a given tension and torque. To nd these properties, we must rst compute the partition function. At each point along the arclength of the polymer, the local orientation of the polymer will be given by some rotation g(s) 2 SO(3) of the space-xed frame de ned by fx;ŷ;ẑg. To calculate the weight of any con guration entering into the partition function, we simply apply the appropriate Boltzmann factor: Z = Z dg(s)] exp ? 1 k B T (E bend + E torsion ) + 2 ~ Lk +f z : (4) The angular velocities appearing in the energy functional can be evaluated directly from the group element g 12]. Then the partition function is completely determined and can be used to give us the quantities of interest, namely the average chain extension hzi and the average linking number hLki subject to an applied tension and torque:
An explicit evaluation of the partition sum in (4) is di cult; fortunately, such an evaluation proves to be unnecessary. In this paper we employ a standard polymer physics trick 13]. It turns out that the partition sum is closely related to the propagator for the probability distribution for the polymer's orientation g. We de ne the unnormalized propagator by 
K = q Af ?~ 2 =4 ; (8) and E 0 =f +~ 2 =2C. The major di erence between this equation and that obtained for ordinary (non-twist storing) polymers is that the infrared cuto is now controlled by K instead of q Af.
The di erential equation we have obtained has a singularity when ! . This mathematical di culty is associated with a physical failure of the model. Our phantom chain model does not include a self-avoidance term. As a result, the chain may cross through itself and shed a unit of link in the process. The pathologies associated with the singularity are more fully explored in 12].
In the present paper, we will ignore the unphysical di culties that arise as ! . We will simply treat the potential term in (7) perturbatively. As explained in 12], it is then possible to obtain the appropriate solution which for long chains is dominated by the lowest eigenvalue of the di erential operator. We nd that / exp(?EL) where
From this eigenvalue, the mean extension and the average linking number for a given tension and torsion can be found 12]: z L 
This formula describes the \thermal softening" of the twist rigidity alluded to earlier. The e ective rigidity C e (f) is reduced from the bare, microscopic value by a factor which arises due to the presence of thermal uctuations; no such e ect appears for macroscopic elastic rods.
Combining equations (10) and (11) together with the de nition of K in (8) produces a formula for the average end-to-end extension for a polymer subject to a linking number constraint and an applied tension. In the next section we will compare this theoretical prediction to the experimental results of Strick et al. 2] .
FIT STRATEGY AND RESULTS
The extension function hz(f; Lk)i derived in the last section describes an achiral elastic rod. Of course DNA is a chiral molecule, and at some level we expect this fact to show up in an asymmetry between under-and overtwisting. Chiral e ects are studied in 12]; there we nd that the only coupling relevant to the experiments in question is a twist-stretch term with coe cient D 10, 11] . In addition to this term, we can also consider the intrinsic stretching of the backbone. Recent experiments have found that DNA's molecular backbone stretches in response to an applied tension; this results in a change in the end-to-end extension of z=L = f= where = 1100 pN 6]. Putting these intrinsic corrections together with the perturbation theory result of the last section, we obtain a theoretical prediction for the relative extension as a function of applied force and overtwisting. For the purposes of comparison to experiment, we will now switch from the variable Lk to the relative overtwist which is de ned with respect to the helical pitch of DNA: = 2 Lk=! 0 L. Then 
This formula is our nal result for the extension of a twist-storing polymer subject to a torsional constraint. To obtain it, we have summed some of the perturbative terms from the last section and added a small nite-length correction 12]. Using the data of Strick et al., we t (13) to determine the parameters in our model: the microscopic bend persistence length A, twist persistence length C, and twist-stretch coupling D. Of these parameters, only C and D are really to be determined; A has already been measured in other experiments. The agreement between our best t value of A and these earlier experiments 6] serves as a check on the theory.
The least squares t was performed using a gradient descent algorithm in the parameter space de ned by A, C, and D. In all, 49 data points from Strick et al. 2] were used in the tting procedure; a number of points were eliminated from the t based on physical and mathematical selection criteria 12]. The best t was obtained for A = 49 nm, C = 120 nm, and D = 50 nm. In this way experiments performed at the micron scale have given us elastic parameters relevant to twist-storing polymers at the nanometer scale.
